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We propose a clean reversible simulation of ranking and unranking binary trees as a reversible algorithm
for reversible computing systems, which is useful for enumerating and randomly generating binary trees.
Algorithms for ranking binary trees and their inverses have been studied since the 1970s, and the results
have been combined to realize a clean reversible simulation. However, such a reversible simulation requires
multiple paths for traversing the given data and/or intermediate data as well as additional storage propor-
tional to the length of the computation. The proposed reversible simulation involves only one path, and
its asymptotic running time and memory usage are equivalent to those of the original. All the reversible
programs presented in this paper can be run on an interpreter of the reversible programming language Janus.
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B, =4B, 1 — n: L (n>1) (1)
000000000000000000000000
0800000090 2344000000000
0000000000000 n0000000000
DBOOOO0 20000000 Bo, By, ..., Bas
O B[0:n-1]1 OO O0OO:

procedure mk_catalan_tbl(int B[], int n)
B[0o] "= 1

local int i = 0
from i = 0 do
i +=1
loop
B[i] "= 4xB[i-1] - 6*B[i-1]1/(i+1)
until i = n
delocal int i = n

Janus OO OO0OO0O0O0O0OO0COCOOOCOOOOO
0000000000000 00O0O0O00OO0OAlgoel
oooooooooDboOO0Ox :=1000002,5,7

t1 00000DOhttps://wuw.gnu.org/software/gdb/
news/reversible.html, http://caml.inria.fr/
pub/docs/manual-ocaml/debugger .html
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O00O0OOpush(c,g) O cOO0O0OO0OCODOODO
gobobooooboo gbbOoooobbOoboOoon
pop(x,g) 0O0DODO0O0O gOOOOODODOOODODODO
goo0oo0oo0o0 x0000oO0oo0oOooDoOog gOd
OO00OD0OD0000 top(g) DOODODOOOOOOODO
goobo0oo0oobObbooobobbOoooboo
ooooobobobboboooooooboboOg if ex
then s; else so fi eo D OO0O0OOOOOOOO
O000000b000 e 00O thenODOOO
O000000OD0elsed000DOODOODODOODOODO
0000b0o0oobooboOdO from e; do s1 loop
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procedure catalanE(int b,stack g)
if b=0 then
b "= 1 // By
push (0, g)
else
local int n = b
b -=1
call catalanE(b,g)
local int bl = b
push(b,g)
b "= 4*%bl - 6xbl/(n+1) // 0 100
push(bl,g)
delocal int bl = 0
push(n,g)
delocal int n = 0
push(1l,g)
fi top(g)=0
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L || < |T3|,

2. |Ty|=|T2| 00 ITy) < (Tz), 0000

3. |Ty| = |Tol, UTy) = (Tp), OO #(Ty) < r(Ts).
<0000000000000000000000
000000000000000000

00000000000 T(p)0OODO:

T(n)={T| |T|=n} (2)
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1 //000p[aza+n-1]-(s,...,s)0 0 000 rO
2 procedure rE(int p[],int n,int a,int s,
int r,stack g)

3 local int j = 0

4 // (a) OO OODNTOro00O

5 from j = 0 loop

6 r += B[jl*B[n-j-1]1 // G;,0 r00 0O
7 j +=1

8 until j = plal-s /7 |U(T)|

9

10 // (b) rank’((T))DO00 000

11 if j >= 1 then /7 [(T)|>1000
12 local int rl1 = 0

13 call rE(p,j,a+l,s,rl,g)

14 r += r1 * B[n-j-1]

15 push(rl,g)

16 delocal int rl = 0

17 fi j >=1

18

19 // (c) rank/(r(T))0 »0 0O

20 if n-j-1 >= 1 then // |r(T)]|>1000

21 call rE(p,n-j-1,a+j+1,s+j+1,r,g)

22 fi n-j-1 >= 1
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24

25 // 00 0p[0o:n-1]J]00 000 r0O

26 procedure rankE(int p[],int n,int r,
stack g)
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// 000000 r-o00(T)0sj000
procedure clT(int j,int n,int r)

// {j=0,n=|T|,r= rank’(T)}

from j = 0 loop
r -= B[jl*B[n-j-11 // »00 G;,000
jo4=1

until r < B[jl#*B[n-j-1]
7/ L= TD)l,n=|T|,r
= rank’ (I(T)) X Bjy(ry| + rank’(r(T))}

//pla:a+n-1]0 unrank(r,n)+(s,...,s)0 0O O

procedure riE(int p[],int n,int a,int s,
int r,stack g)

local int j=0
call <¢1T(j,n,r) /7 (a) |I(T)|O 5O

plal "= j+s // 0000
if j>1 then // (v) (TH)ODO
local int ri=r/Bln-j-11 //rank’(((T))
call riE(p,j,a+l,s,rl,g)
push(rl,g)
delocal int r1=0
else
if j=1 then
pla+1] "= s
fi j=1
fi j>1

// (T)|=1000

if n-j-1 > 1 then // (e) r(T)ODOO
local int r2=r%B[n-j-11 //rank’(r(T))
call riE(p,n-j-1,a+j+1,s+j+1,r2,g)

push(r2,g)
delocal int r2=0
else
if n-j-1 = 1 then // |¢(T)|=1000
pla+j+1] "= j+1+s

fi n-j-1 =1
fi n-j-1 > 1
push(j,g)
delocal int j=0

// 000 00000000000
procedure unrankE(int p[],int n,int r,
stack g)
call riE(p,n,0,0,r,g)
push(r,g)

04 0O00O0OCOOOOOOCOOOOOOOOOO0
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gbooog
000 rankEO Algol0 00000 rankAO OO
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00000 unrankE 0 Algol 000000 unrankA
gbogoboobooooboobooboobooo
goooobooobooobo nobOoobOoOoD ro
god
[unrankE]”*™ : (n,7) — ((p[0: n — 1],n),g) (11)
ooooT unrank(n,r) 000000000
pl0:n—1]0000000000000 00 nal
O00Op0:n—-100000 ¢gOD0OOOODOO P
oooboooobooobboooobboooo
(pl0:n—1,n) 000000000000 RO r0O
oogd
fst([unrankE]”*™*(n, r)) = [unrankA]*€* (n, r)
(12)
00000000 JanusOOO0OO unrankE O Algol
0000 wrankA DO OOOOO0OO0OOOOOODO

5.3 Bennett 00000000000 COCO

0000000D0Do0oooooooooooon
gooOoOoooooooooooOoOOOOoOOO
O00 Bennett 000 O000O00RBOOODODODOO
Bennett 00 O0O00D0O00DOO rank 00000
Ownrenk 0000000 D0OOOCDOODOODOOO
rankE0 wnrankE 000 00000COO0OODOO
0000000000000 0000O0O0o0oooon
Op0:n—1]000000000 0000000
Oplo:n—-110000000D0000O0O0O0ODOOO
ooo:

local stack g = nil

call rankE(p,n,r,g)

local int t = r
uncall rankE(p,n,t,g) // t,g0000

delocal int t = 0

local int qln] = {0}
call unrankE(q,n,r,g)
uncall copy(p,q,n)

delocal int ql[n] = {0}

// 0000 o0

// q0000
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uncall unrankE(p,n,r,g) // p,g0000
delocal stack g = nil
2000000000ranke000000O0O0ODOOO
g00000DOODDOOp0:n—-1]000000O0O
b0 r00000b0030b0t0o0onoonoooog
000000000 g0O0O0D0OOODOOOO 40
00000000 ranke 000000000000
ooo07000000000 wnrankE0OOOOO
goo0b0gOO0OODOD rODOO0OOOODOO
gboobcodoboob qgubbooboosbooooo
plo:n—11 00000000000 qlo:n—1100
0000000000 copy(p,q,n) OO0OOOOO
o0 qUbhUobooboobbolooboooobono
unrankE 0000000000 pO0OO0OO0O0OOOO g
OO0 000000000000 000CCCOO
b toboddd g, 00000 g 00000000
oooooo plo:n—11000000C0OOCOODOO
goboodoooooo

Bennett 00000000000 O0O0O0O0O0ODOO
gooooooooooooooooboooooo
gooobooooooooboooooboobooono
gooobooooooboboooooooboooooo
O000000000O00000D00 Bennett 00O
goboooobooooooood

5.4 00000000000000000000
0300400000000000000000
000 10000000000000000000
(a), (b), () 000DO00O0DO0O0DOO0O0DOO0OOO
00000000000000000000000
00000000000 rankE0000000000
000000000 wrankE0OO0O0000000
000000000000000000000000
rE0 riE00000D00000000000000
000000000000000000000000
000000000000000

00000000 70000(@), (b), () 000
0000000 5000000000000000
0000000000 0000r = rank’((T)) X
Bjr(ry +rank/(r(T)) 00000000000000

O0000000o00o00OD 33000 (201600)00000

rank(T)
T (o)
(1), 7, |T|
T rank’((T)) = r/Bjr|— (1))
()|, 1T, |T|
T
U(T), rank’ (I(T)), rank’ (r(T)),
T (o)
UT),1(T),r(T),|T|
1 ooooooooo (T
TOOooo,|T

05 000TOOOO0OO0OTOOOOOOOOOCOO

1// 000000000 sO000O0O0O0O0O plaza+n-1]0
2 procedure ri(int pl[],int n,int a,int s,
int r)

3 if n>=1 then //|T|>1000
4 local int j = 0

5 call c1T(j,n,r) // (a)
6 local int rl = r/B[n-j-1] // (b)
7 r -= ri1*B[n-j-1]1 //{r = rank’(r(T))}
8 call ri(p,j,a+1l,s,rl)

9 delocal int r1l = 0

10 call ri(p,n-j-1,a+j+1,s+j+1,r) //(c)
11 plal "= j+s // 0000

12 delocal int j = plal-s /7 70 [(T)|

13 fi n>=1

14

15 // 000 n0000 »00000 plo:n-1]0

16 procedure unrank(int pl[],int n,int r)
17 call ri(p,n,0,0,r)

06 ODO0OO0OOOOOOO0OOOOOOOOOOOOO

gboboebboobOOoboOoOobOOoOoODOOOOOn
uwnrank 000000000000 OO0CO0OOOO
gooooboboooooobooooooooooboooo
gboooooobooooboobooobobOooDboon
00000000T000000000 p[0:n-—1]
ooboooooooooo

O0oo0oboO0ooOooboo0oboo0o0o00n0Od plazatn-1]
o000 r00000000000000 sooo
ocoooooooooobooooOri(p,n,a,s,r) O
goooooboooboooo

n0 000000000 |T/=00000000
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pla:e—100000000OO0O0O00OOOOOO
ooooog

n0 10000000000 |7 >10000000
Joooobooooo0o0oooooo 40oo0o00ogag
gobooO0dear(,n,r) JOODOOODOODOOO
000 «00 |(7T)|00D0O00 ;0000000 (a)
gooooooobooOroooodr10ooooo
00 renk’((T)) 00000000 (b)ODOODODOO
0000000000000 renk’(r(T)) 000D
0000 00000000 renk’(»(T)) 000 (c)
Jdooddoooooooooooobrioooo
00000000000 (Tyooboooooooo
00000000 sOO000000 platl:a+n-j-2]
obdbdrit0000obOO0bOobOobOob100Db0O0O
000000000 ri0DO00ODODOO0ODDOODOOOd
00 ~(7T)0D0000000 pla+j+1l:a+n—1]
00000r0000D00000D00O0DOOoDd
O0plal 000D OUOUOOO |(TH)|ODQODO
OsO0D00000D00O0DOOD0O0ODODbObOODOD
j=plal-s0000000000DO0OO0O jOOO
0o0oooooo

000000 unrank OO0 00O Bennett 000
000o00o0o0ooooooooDoDooooooon
O0pOUOD0O0O 1000DODODOOOOCOOCOO
O0t0qU0O00O0ODO0ODOOOODOOOODOD
gobooooboooooooooo

00000000D0000DO000O0O0OOunrank
0000000000000 000uwrank 0000
oooooooog

O0000000000uwrank 000 (18000
00ooooooo0oooooooooooooog
goobooo0ooboobooooooboooboooog
oooooooogo

5.5 J00O0OO00OO0O0O0OOOO0OOOOO0OO0OO
Oo0oooboo0oo0oDob0o00000 Knott OO
gooooooooooboooooobppgooon
0000000000000 O(R?)ODO0DO
gobooobpobOoooooobooooooon
ooo0O0O00000 30 rankEO O 40 unrankE 0O

00000 O(R?)0oO0
00000000 60 uwnrank D0 0000 O(n?)
0000ri00 20000 n0000000000
00000000ri0000 j0n—-5—1000
O00000 8000 100000000000000
5000000000cTO0000001200000
0000000000000 00 |(T)|00000
0000000000000 0<[I(T)|<n-100
O000D0000ri0000000 W(p)OODOO
IVOO=0£§§40VU%HVij*D+@UD (13)
00000000 000000O0
WWH)SogﬁgglﬂVU)+W4nfjfU)+@Uﬂ(1®
0000000000000 0000000 nOO
00000000000000000000000
0D0O0(707410000000000000000
00000 rank 00000000 O(R?) 00000
000 130 maxOO0O0OO0OO0 ;0000000000
00000000000000000000000
0000000 ©(r»?) 0000000000 unrank
00000000 W(n)=0(»*)0000
O000000000000 unrank J00000
00 wrankADO0OO000000O0000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
0000000 20000 ||0000 g(Jz)) 00
0000000g¢g0000000000000000
faithful 000 0000000000000 (10000
¢g000000000000000 faithful 0000
00000000000000000000000
00000000000000000000000
0000 hygienicOOO [1JD0000O0O0O unrank
000000000000000000000000
wnrankA 0 0000000000000 O00O00O
0000000000000000 hygienic 000
000000000000

6 U040

Knott 000000000000 OOOOR8 OO
O00OD000 Benmnett OO O0OOOODOOOOO
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gooooboooooooooooboooooooo
goooooooooooooooooboobooo
gooobooooooooooooooboooboooo
gboooooooboobooooboooboooboooo
gooboobooooooobooooooooooo
gbooooooobooboooocooboooboooo
goooooo

ooooooooooooooooooooboo
unrankA 000000000 O0O0OOO0O0COO
gooooooooooooooooooobooooo
gboboooooobooboooocoobooooodg
gooooooooobooboooooooooboooo
goboooooooooboo

OO0 0000 JSpSOO0O 2573004900000
gooooooo

ogoobaob
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A OOOODood

000oo0o0o0oO0o0ooOoOooOoooOooooooon
O00000000clear_arrayd 000 p[0:n—1]
000000000 goooo

procedure clear_array(int p[],int n,

stack g)
local int i = 0
from i = 0 do

local int t = pl[i]
plil "=t // 00O
push(t,g)
delocal int t = O
i+=1
until i = n
delocal int i = n
O0000000Ocopyd0x[0:n—1]10 y[0:n—1]
doodoOoooooOOoooOooOoooboooOoooa
ooopoooooO0oox[0:n—110 ylo:n—110
o00oU0DOo0oDoOoDoOoooOon yloin—11
000000000 copyOOODOODOODOOO
goobooooobooo

procedure copy(int x[],int y[],int n)
local int i = 0

from i = 0 do
y[il ~= x[il
i +=1
until i = n
delocal int i = n



