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0 00 00 We propose a clean reversible simulation of ranking and unranking binary trees as a reversible
algorithm for reversible computing systems, which is useful for enumerating and randomly generating binary
trees. Algorithms for ranking binary trees and their inverses have been studied since the 1970s, and the
results have been combined to realize a clean reversible simulation. However, such a reversible simulation
requires multiple paths for traversing the given data and/or intermediate data as well as additional storage
proportional to the length of the computation. The proposed reversible simulation involves only one path,
and its asymptotic running time and memory usage are equivalent to those of the original. All the reversible
programs presented in this paper can be run on an interpreter of the reversible programming language Janus.
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DBOOOOO0 20000000 Be, By, ..., Bas
O Bl0:n-11 0O O0O0O:

procedure mk_catalan_tbl(int B[], int n)
B[0] "= 1
local int i

from i =

i +=1
loop

B[i]l -

until i

delocal int

=0
0 do

4xB[i-1]
n
i

- 6xB[i-1]/(i+1)

= n

11 0O0D000Ohttps://www.gnu.org/software/gdb/
news/reversible.html, http://caml.inria.fr/
pub/docs/manual-ocaml/debugger.html
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5 else

6 =
7
8
9

local int n b
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call catalanE(b,g)

local int b1l b
push(b,g)
b 4xbl1 - 6*bl/(n+1) // 0 100
push (bl,g)
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r(Ty) <r(Tz).
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procedure rE(int p[],int n,int a,int s,
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local int j = 0
// (a) OO OODNTOro00
from j = 0 loop
r += B[jl*B[n-j-11 // G;,0 000
j o= 1
until j =
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// (b) rank’((T)DO0OD0 000
if j >= 1 then // (T >1000
local int r1 = 0
call rE(p,j,a+l,s,rl,g)
r += r1 * B[n-j-1]
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// (c) rank'(r(T))0 »0 0O
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// 000plo:n-1]J0 00 00 »O
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stack g)
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// 000000 r-o00(T)0sj000
procedure clT(int j,int n,int r)

// {j=0,n=|T|,r= rank’(T)}

from j = 0 loop
r -= B[jl*B[n-j-11 // »00 G;,000
jo4=1

until r < B[jl#*B[n-j-1]
7/ L= TD)l,n=|T|,r
= rank’ (I(T)) X Bjy(ry| + rank’(r(T))}

//pla:a+n-1]0 unrank(r,n)+(s,...,s)0 0O O

procedure riE(int p[],int n,int a,int s,
int r,stack g)

local int j=0
call <¢1T(j,n,r) /7 (a) |I(T)|O 5O

plal "= j+s // 0000
if j>1 then // (v) (TH)ODO
local int ri=r/Bln-j-11 //rank’(((T))
call riE(p,j,a+l,s,rl,g)
push(rl,g)
delocal int r1=0
else
if j=1 then
pla+1] "= s
fi j=1
fi j>1

// (T)|=1000

if n-j-1 > 1 then // (e) r(T)ODOO
local int r2=r%B[n-j-11 //rank’(r(T))
call riE(p,n-j-1,a+j+1,s+j+1,r2,g)

push(r2,g)
delocal int r2=0
else
if n-j-1 = 1 then // |¢(T)|=1000
pla+j+1] "= j+1+s

fi n-j-1 =1
fi n-j-1 > 1
push(j,g)
delocal int j=0

// 000 00000000000
procedure unrankE(int p[],int n,int r,
stack g)
call riE(p,n,0,0,r,g)
push(r,g)

04 0O00O0OCOOOOOOCOOOOOOOOOO0

Gir (G=0,1,...,](T)|-1) 0000000000
jO000 [(T)|0000-000 (b)0D00D000 (o)
0000000000000

000000 riE0000O0O000000 00
39000000000000000000 g000
000000000000000000000 riED
000000000000000000000000
000D00000D00000D000 riE0DDOO0

UOrg0b000o0oobobobbooooobobooogo
gbobobobobobooboobouoobo 40000
goboobob gbgoboooboob rgno
gooogo
gobobooooboboooobobooooob
gobooboooooboooboobooboooboboo
gbooobooboobooboooobooboo
O00unrankE 0000 pushO00O0O rO000O0O0O
gboobooooobooboboobooooo
pU0000OD0OOO0OOODOODOOOODODODOO
gooobd

OO0 rankEO Algol0 00000 rankAO OO
gbooboboboboooooboobuooboobo
00000 unrankE 0 Algol 000000 unrankA
gbbobooooobobobooobuooboobao
goooobooboooobo nOobOoO0ODOOD rO
ggo
[unrankE]”*™® : (n,r) — ((p[0: n — 1],n),g) (10)
00007 = wnrank(n,r) 000000000
p0:n—1]0000000000000 00 nal
Oo00Op0:n—-100000 ¢g0OD0OOODOO P
oooboooobooobboooobboooo
(pl0:n—1,n) 000000000000 RO r0O
oog

fst([unrankE]”*™**(n, 7)) = [unrankA]*€*(n,r)

(1)

00000000 JanusOOO0OO unrankE O Algol
0000 wrankA D0 OOO0OOO0OO0ODOOOOODO

5.3 Bennett 00000000000 COO

000000000 00o0o0oooooooooon
gooooooooooooooOoOoOoOoOoOoOo
OO0 Bennett OO0 O0D0OOOO@EBOODOODODODO
Bennett 00 OO00D000D0OO rank 00000
Owrenk 00000000000 OOOODOODO
rankE 0 wnrankE 0000 0000CO0O0OODOO
O000000O00O0ODoO0ooooooooooooon
0pl0:n—1]000000000x00000O0O0O
Oplo:n—-110000000DO00COCOOOOOOOO
ooo:
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local stack g = nil
call rankE(p,n,r,g)
local int t = r
uncall rankE(p,n,t,g)
delocal int t = 0
local int gl[n] = {0}
call unrankE(q,n,r,g)
uncall copy(p,q,n)
delocal int ql[n] = {0}
uncall unrankE(p,n,r,g)
delocal stack g = nil

// t,gO0000
/,/ 0000 o0
// ¢0000

// p,g0000

2000000000rankE00000000000O
g000000D0000 p0:n—1]0000000
00 r00000003000t00000000
000000000 g00000000000 40
00000000 rankE0 00000000000
00007000000000 unrankE 00000
000000 gO000000 000000000
000000000 q0000000800000
pl0:n—1100000000000 qlo:n—1100
0000000000 copy(p,q,n) 0000000
00 q0000D00000010000000000
unrankE 0000000000 p00000000g
000l 0000000000000000000
00+t00000g 00000 q 00000000
000000 plo:n—11000000000000
0000000000

Bennett 00 00000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
00000000000000000 Bennett 00
0000000000000000

5.4 00000000000000000000
0300400000000000000000
000 10000000000000000000
(a), (b), () 000DD00O0DOODOODOOOO
00000000000000000000000
0000000000 0rankE0 000000000
000000000 wrankE0O0D0D0000000
00D0000000D000000000000000
rE0 riE00000D0000000D0000000

O0000000o00o00OD 33000 (201600)00000

rank(T)

T (a)

(1), 7, |T|

T rank’((T)) = r/Bjr|— (1))
()|, 1T, |T|

T

U(T), rank’(I(T)), rank’ (r(T)),
T (o)
UT),I(T),(T),|T|

1 ooooooooo (T
TOOooo,|T

0565 O000TOOOO0OO0O0TOOOOOOOOOG0O0OO0

000000000000000000000000
000000000000000

00000000 70000(), (b), (¢) 000
0000000 5000000000000000
0000000000 0000r = rank’(I(T)) X
Bjr(ry +rank/(r(T)) 00000000000000
0000 6000000000000000000
wrank 00 000000000000000000
000000000000000000000000
000000000000000000000000
000000007000000000 p[0:n-—1]
000000000000

000000000000000000 pla:a+n-1]
0000 r00000000000000s000
00000000000000Ori(p,n,a,s,r) 0
00000000D000000

n0 000000000 |T=00000000
ple:ea—1000000000000000000
ooooo

n0 10000000000 |7 >10000000
000000000000000004000000
000000¢lT(,n,r) 000000000000
000 r00 [((T)|00000 jO0000000 (a)
0000000000 0000001000000
00 renk/(I(T)) 00000000 (b)0000D00
0000 r000000000 renk'(7(T)) 0000



1
2

3
4

5
6
7
8
9

14
15
16
17

O0000000o00o00OD 33000 (201600)00000

// 000000000 sO0000000 plaza+tn-170
procedure ri(int p[],int n,int a,int s,
int r)
if n>=1 then
local int j = 0
call clT(j,n,r)
local int r1l = r/B[n-j-1] // (b)
r -= ri*B[n-j-1]1 //{r = rank’(r(T))}
call ri(p,j,a+1l,s,rl)
delocal int rl1 = 0
call ri(p,n-j-1,a+j+1,s+j+1,r) //(c)

// |T|>1000

/7 (a)

plal ~= j+s /70000
delocal int j = plal-s /7 30 (T)]
fi n>=1

// 000 0000 00000 plo:n-170
procedure unrank(int p[],int n,int r)
call ri(p,n,0,0,r)

06 ODOOOOOOOOOUOOODOOOOOOOOOO

000000000000 renk’(r(T)) 000 (c)
Jo0oo0oooo0ooDoDo0ooboddri0O0nOOd
o0oo0ooUoooOoo (ryoooooooooo
00000dddd sOooddgd platt:a+n-j-21]
gdbbdrtboobobooobooobioboa
0o0ob0o0o0o0o0 ri0000OO0O0O0O0ODOODOOOd
00 (7T)ODODOOOODO plat+j+l:a+n—1]
Jo0000r000b000obooboooobooo
00 pla] 00000000000 |(7)|00000
OsO000000000OO0DOO0000oobooo
j=pla]-s00000000O000DO0OO0O jOOO
gooboooono

O00000 unrank 0000 DO Bennett 00O
Jooobooboooooooobobobbooooo
ObpO0OD001000D0000D000O000O00O
d0t0qUbOoboooboboobobuoobboo
odo0bo0oOoopobooOooooono

Jdddddddd0dUdUd0dUUUUdUunrank
0000000000000 00uwrank 0000
goobooooono

0000000000 0uwrank 000 181000
goobobooobobooobobobobobooobo
0go0o0o0oo0DOD00o00o0o0ooooooooooo
goobooooobg
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5.5 00000000000000000000
D0000000000000000 Knott OO
000000000000000000 80000
00000 00000000 O(®?) 000000
0000000000000 00nooooong
000000000 30 rankE 00 4 0 unrankE [
00000 O(R?)0DoO0
00000000 60 unrank D0 0000 O(n?)
0000ri00 20000 n0000000000
00000000ri0000 j0n—-5—1000
0000008000 100000000000000
5000000000cTO0000001200000
0000000000000 00 |(T)|00000
0000000000000 0<[I(T)|<n-100
O0000000ri0000000 W(p)OODOO
Wﬂn)=O£gggﬁwﬂﬁ+4VU%v>J)+@UD (12)
00000000 000000O0
Wﬂn)SogﬂgilﬂVU)+Wﬂn*j*D)+900(1$
0000000000000 0000000 nOO
00000000000000000000000
OD00(707410000000000000000
00000 rank 00000000 O(R?) 00000
000 120 max 000000 ;0000000000
00000000000000000000000
0000000 ©(r?) 0000000000 unrank
00000000 W(n)=0(»*)0000
O000000000000 unrank J00000
00 wrankAOO0OO0000000000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
0000000 20000 ||0000 g(lz))00
000000O0gO000000000000D000
faithful 000 0000000000000 (10000
¢g000000000000000 faithful 0000
00000000000000000000000
00000000000000000000000
0000 hygienicO0 OO 10000000 unrank
000000000000000000000000
wrankA 000 0000000000000000



12 O0000000o00o00OD 33000 (201600)00000

OO000D0O0O0O000000000 hygienicOODO
gooboooooooooboo

6 0040

Knott OOOOOO0O0O0OO0OCOCODOOO 8OO
OO00000 Bennett 00 O0O0O0O00O0O0O00O00OO
gooooboooooooooooooobooooon
goooooooooooobooooobooobooono
gooooooooooooooooooooooo
gbooooooobooboooocooboooboooo
goboboobooooooobooooooooooo
gbooooooobooboooocoobooboooo
ooooooon

ooooooooooooooooobooooboo
unrankA J 00000000000 DOODOOCOOO
gooooooocoooooooooooobooooo
gobooooooboobobooooobooobooo
gooooooooobooboooooooboobooo
goboooooooooboo

OO0 0000 JSpSOO0O 2573004900000
oooooooon

oooao
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A O0OOOoDood

0dDo00oD0o00oooooooOooooooOoo
O000000Oclear_array 0000 p[0:n—1]
O000o0o0oogg gogo

procedure clear_array(int pl[],int n,

stack g)
local int i = 0
from i = 0 do
local int t = plil
plil "=t // 00O
push(t,g)
delocal int t = O
i +=1
until i = n

delocal int i = n

O0000000copy00x[0:n—1]10 y[0:n—1]
goooboooboooboooboobooboobo
ooopoooooOdoOox[0:n—110 ylo:n—110
gobooU0oDoUopooOobooooOonD yloin—11
O00000000copyOOODOODOOODODOO
obooboboboobooo

procedure copy(int x[],int yI[],int n)
local int i = 0

from i = 0 do
y[il ~= x[il
i +=1

until i = n

delocal int i = n



